This study uses the geometric Brownian motion (GBM) method to simulate stock price paths, and tests whether the simulated stock prices align with actual stock returns. The sample for this study was based on the large listed Australian companies listed on the S&P/ASX 50 Index. Daily stock price data was obtained from the Thomson One database over the period 1 January 2013 to 31 December 2014. The findings are slightly encouraging as results show that over all time horizons the chances of a stock price simulated using GBM moving in the same direction as real stock prices was a little greater than 50 percent. However, the results improved slightly when portfolios were formed. This study uses the geometric Brownian motion (GBM) method to simulate stock price paths, and tests whether the simulated stock prices align with actual stock returns. The sample for this study was based on the large listed Australian companies listed on the S&P/ASX 50 Index. Daily stock price data was obtained from the Thomson One database over the period 1 January 2013 to 31 December 2014. The findings are slightly encouraging as results show that over all time horizons the chances of a stock price simulated using GBM moving in the same direction as real stock prices was a little greater than 50 percent. However, the results improved slightly when portfolios were formed.
Introduction
There is an abundance of literature surrounding the pricing of securities in corporate finance; however there is still a lot of debate as to which method is the most reliable. Financial managers and investors are interested in simulating the price of stock, options, and derivatives in order to make important investment and financing decisions. Simulating the price of a stock means generating price paths that a stock may follow in the future. We talk about simulating stock prices because future stock prices are uncertain (called stochastic), but we believe that they follow, at least approximately, a set of rules that we can derive from historical data and our knowledge of stock prices (Sengupta, 2004) . A simulation will be realistic only if the underlying model is realistic. The model must reflect our understanding of stock prices and conform to historical data (Sengupta, 2004) .
In this study we focus on the geometric Brownian motion (hereafter GBM) method of simulating price paths, and test the model using a sample of large Australian stocks employing a range of techniques to assess how well the simulated stock prices align with actual stock returns. Marathe and Ryan (2005) assert that because of the significant financial impacts resulting from decisions made using the GBM assumption, it must be subject to test. It is of utmost importance to verify that a time series follows the GBM process, before relying on the result of such an assumption (Marathe & Ryan, 2005) .
The remainder of this paper is set out as follows: section (2) describes the literature related to GBM and other forecasting methods. Section (3) details the data and research method used to simulate stock prices and test the GBM model. Section (4) presents the findings of the paper, and section (5) concludes and presents areas for future research.
Literature Review

a. The validity of geometric Brownian motion
Brownian motion is often used to explain the movement of time series variables, and in corporate finance the movement of asset prices. Brownian motion dates back to the nineteenth century when it was discovered by biologist Robert Brown examining pollen particles floating in water under the microscope (Ermogenous, 2005) . Brown observed that the pollen particles exhibited a jittery motion, and concluded that the particles were 'alive'. This hypothesis was later confirmed by Albert Einstein in 1905 who observed that under the right conditions, the molecules of water moved at random. A common assumption for stock markets is that they follow Brownian motion, where asset prices are constantly changing often by random amounts (Ermogenous, 2005) . This concept has led to the development of a number of models based on radically different theories.
Two common approaches to predicting stock prices are those based on the theory of technical analysis and those based on the theory of fundamental analysis (Fama, 1995) . Technical theorists assume that history repeats itself, that is, past patterns of price behaviour tend to recur in the future. The fundamental analysis approach assumes that at any point in time an individual security has an intrinsic value that depends on the earning potential of the security, meaning some stocks are overpriced or under-priced (Fama, 1995) . Many believe in an entirely different approach; the theory that stock market prices exhibit random walk. The random walk theory is the idea that stocks take a random and unpredictable path, making it near impossible to outperform the market without assuming additional risk. This theory casts serious doubts on the other methods of describing and predicting stock price behaviour. The GBM model incorporates this idea of random walks in stock prices through its uncertain component, along with the idea that stocks maintain price trends over time as the certain component. Brewer, Feng and Kwan (2012) describe the uncertain component to the GBM model as the product of the stock's volatility and a stochastic process called Weiner process, which incorporates random volatility and a time interval. Sengupta (2004) claims that for GBM model to be effective one must imply that:
• The company is a going concern, and its stock prices are continuous in time and value.
• Stocks follow a Markov process, meaning only the current stock price is relevant for predicting future prices.
• The proportional return of a stock is log-normally distributed.
• The continuously compounded return for a stock is normally distributed.
As discussed in section 3, each of these assumptions has an effect on the GBM model and its inputs.
GBM has two components; a certain component and an uncertain component. The certain component represents the return that the stock will earn over a short period of time, also referred to as the drift of the stock. The uncertain component is a stochastic process including the stocks volatility and an element of random volatility (Sengupta, 2004) . Brewer, Fend and Kwan (2012) show that only the volatility parameter is present in the Black-Scholes (BS) model, but the drift parameter is not, as the BS model is derived based on the idea of arbitrage-free pricing. For Brownian motion simulations both the drift and volatility parameter are required, and a higher drift value tends to result in higher simulated prices over the period being analysed (Brewer, Feng and Kwan, 2012) .
Although the GBM process is well-supported, there is a growing amount of literature that focus on testing the validity of the model and accuracy of forecasts using Brownian motion. For example Abidin and Jaffar (2014) use GBM to forecast future closing prices of small sized companies in Bursa Malaysia. The study focuses on small sized companies because the asset prices are lower and more affordable for individual investors. The study looks into the accuracy of forecasts made using the model over different horizons, and also at the time horizon needed for data inputs into the model, that is, past stock prices. According to Abidin and Jaffar (2014) , GBM can be used to forecast a maximum of two week closing prices. It was also found that one week's data was enough to forecast the share prices using GBM. Marathe and Ryan (2005) discuss the process for checking whether a given time series follows the GBM process. They also look at methods to remove seasonal variation from a time series, which they claim is important because the GBM process does not include cyclical or seasonal effects. They found that of the four industries they studied, the time series for usage of established services met the criteria for a GBM process; while the data form growth of emergent services did not.
b. Modifications to the GBM model
One of the caveats to GBM is that it does not account for periods of constant values (Gajda & Wylomanska, 2012) . Gajda and Wylomanska (2012) observed periods where prices stay on the same level, particularly true for assets with low liquidity. Gajda and Wylomanska propose an alternative approach based on subordinated tempered stable geometric Brownian motion, combining the conventional GBM model with inverse tempered stable subordinator. They tested the effectiveness of their modified method using Monte Carlo simulations, and reported that the calculated values closely reflect the theoretical ones. They also successfully applied the new model to data describing German Inter-Bank Rates.
Ladde and Wu (2009) also develop modified linear models of GBM by employing classical model building techniques. They have utilised stock price data to examine the accuracy of the existing GBM model under standard statistical tests. They then demonstrated the development of the modified GBM model under different data partitioning, with and without jumps. They compared the constructed models and the GBM models via a Monte Carlo technique. The findings suggest that data partitioning improves the results and the models with jumps are much better than the ones without jumps.
c. Other methods of forecasting stock prices
Overtime a number of models have been developed with the objective of forecasting stock prices and pricing options. Some of these models are summarised by Granger (1992) , with a particular emphasis on non-linear models. Higgins (2011) demonstrate a simple model to forecast stock prices using analyst earnings forecasts based on the residual income model (RIM). Higgins shows how to implement the RIM and explains how to adjust for auto-correlation to improve forecast accuracy. The RIM uses a combination of fundamental accounting data and mechanical analysis of trends in time series data to derive a valuation of the firm.
Hadavandi, Shavandi and Ghanbari (2010) present an integrated approach based on genetic fuzzy systems (GFS) and artificial neural networks (ANN) for constructing a stock price forecasting expert system. To evaluate the capability of their proposed approach they apply the model to stock price data gathered from IT and Airlines sectors, and compare the outcomes with previous stock price forecasting methods using mean absolute percentage error (MAPE). The results they obtained show that the proposed approach outperforms all previous methods, and so it can be considered a suitable tool for stock price forecasting. However, a drawback to the MAPE approach is that it can only be used to predict the next day closing prices, making it less relevant to managers making strategic decisions.
Hsu, Liu, Yeh and Hung (2009) used a combination of the grey model (GM), Fourier series and Markov state transition matrices to produce a new integration prediction method called the Markov-Fourier grey model (MFGM). The hybrid model was used to predict the turning time of Taiwan weighted stock index (TAIEX) in order to improve forecasting accuracy. According to Hse et al. (2009) , MFGM method can predict accurately but it is only suitable for long-term operation.
d. Contribution of this paper
Despite an abundance of literature on the application and modifications to the GBM model, there is an apparent lack of research on the accuracy of forecasts made with the model, and thus the validity of the GBM assumption. Therefore, this study contributes to the literature in the following ways:
• The sample chosen is large Australian stocks, representing a market with very little research on GBM.
• The paper focusses on the validity of the GBM assumption over a range of holding periods, namely, one week, two weeks, one month, six months and twelve months. This tests the GBM model on its validity in the long-term as well as the short-term, while most literature only tests the accuracy of forecasts over the short-term.
• Sample is subdivided into portfolios to analyse the effect of stock volatility, expected returns and industry on the accuracy of the model. Other research tends to focus on individual stocks and to the best of our knowledge no one to date has tested the validity of GBM on portfolios.
• Finally, a variety of methods are used to compare actual and simulated prices, specifically, the correlation coefficient, percentage of correct directional predictions, and mean absolute percentage error techniques. Although these methods have been applied by other researchers, most of them focus on only one method.
Based on the above, following hypotheses are proposed:
H1: There is no significant difference between the actual stock prices and the simulated prices using GBM over the sample period.
H2:
There is no significant relationship between stock volatility and the difference between actual and simulated stock prices.
H3:
There is no significant relationship between expected stock returns and the difference between actual and simulated stock prices.
H4:
There is no significant relationship between industry and the difference between actual and simulated stock prices.
Data and Research Method
a. Data
Data was collated for the large listed Australian companies listed on the S&P/ASX 50 Index. Daily stock price data was obtained from the Thomson One database over the period 1 January 2014 to 31 December 2014. The start date for the simulations was 1 January 2014 which was chosen to avoid any effects of seasonality in stock prices. Benjamin and Bin (2011) reported that there is no evidence of a 'January effect' in the returns of the top 50 stocks in Australia, nor were there any significant effects in other months. Based on the findings of Benjamin and Bin (2011) , it is concluded that there is no significant seasonality in the returns for the top 50 Australian stocks.
Information on the industry sector for each stock in the sample was taken from the ASX website and the current market capitalisation for each stock was taken from the Thomson One database. As the constituent stocks of the S&P/ASX 50 Index have changed since the beginning of the simulation period, it had to be adjusted for any changes taking place after 1 January 2014. Stocks that were added to the index after 1 January 2014 were removed and any companies with insufficient price data over the sample period were also removed. For example, South 32 (S32-AU) was removed as it was only recently formed as the result of a demerger with BHP Billiton Limited (BHP-AU), and consequently prices only exist for a short period. To replace this stock we added CIMIC Group Limited (CIM-AU) formerly known as Leighton Holdings Limited (LEI-AU), as this was the next largest company at the time. Similarly, Scentre Group (SCG-AU) was also removed as it was formed in June 2014 as a demerger from Westfield Corporation (WFD-AU). To replace this stock, Alumina Limited (AWC-AU) was added as this was the next largest company, after LEI.
To compute expected stock returns data was required for the risk-free rate, stock beta and expected market return. For the risk-free rate we used the current yield on Australian two-year government bonds, obtained from Bloomberg. Stock betas were taken from the Thomson One database, and to calculate the expected market return, prices of the S&P/ASX 50 Index from 1 January 2011 to 31 December 2013 were extracted from the McGraw Hill Financial website.
b. Application of GBM
Equation 1 below shows the formula for the proportional return of a stock:
First component shows the expected rate of return µ that a stock will earn over a short period of time ∆t, this component is often referred to as the certain component. The second component follows a random process where σ is the expected volatility of the stock and ε√∆t represents the random volatility which magnifies as the period of time increases.
GBM assumes that stock prices are log-normally distributed with a mean of the certain component and a standard deviation of the uncertain component, shown in equation 2 below:
Where S 0 is the stock price now and S T is the price at time T. Notice that µ has been replaced with (µ-σ 2 /2) to superimpose an uncertainty component to generate a fluctuating stock price. As T represents any time interval it is possible to simulate the price of a stock at time t+∆t given its price at t, where ∆t is a short time interval, using the lognormal distribution as shown in the following equation:
Finally, rearranging equation 3 results in the final equation I used in our stock price simulations, shown below:
To recap, S t is the stock price at time t, ∆t is the time interval for prediction, µ is the expected annual rate of return, σ is the expected annual volatility, and ε is a randomly drawn number from a normal distribution with a mean of zero and a standard deviation of one, representing random volatility.
The time interval for prediction we use is one day, as we are interested in predicting daily prices over the period 1 January 2014 to 31 December 2014. We used the capital asset pricing model (CAPM) to calculate the expected annual return for each stock using the following formula:
Where r f is the risk-free rate of return, β m is the beta of stock against the market, and r m is the expected return of the market portfolio. CAPM is used because it is simple to calculate and the input variables are easily accessible. Sengupta (2004) state that there are numerous measures of the expected rate of return that can be used for the model, such as the expected rate based on historical returns and estimates from analysts. Abidin and Jaffar (2014) used the mean percentage change in stock prices over one month because they were looking at forecasting stock prices from an investor's perspective, rather than from a corporate finance standpoint.
To estimate the annual volatility of each stock we have used the similar method to that proposed by Sengupta (2004) of taking the daily returns for each stock over a one year period. For simulation, we used the stock price data from 1 January 2013 to 31 December 2013. We calculated the daily standard deviation from the daily returns and used the formula given below (Equation 6) to calculate the annualised volatility of each stock where s represents the daily standard deviation and τ is the intervals measured in years. As daily price data is used, we assume 250 trading days per year, the time interval used was 1/250 (Sengupta, 2004) .
c.
How the hypotheses were tested
This paper involves four tests of the GBM assumption, comparing simulated and actual stock prices for individual stocks, portfolios based on volatility, portfolios based on expected returns and portfolios of each industry. Each test corresponds to the hypotheses set in section 2 and were carried out as follows:
• Test one -Individual simulations were conducted for each constituent stock of the S&P/ASX 50 Index over the period 1 January 2014 to 31 December 2014. This test involves an analysis of the accuracy of forecasts over a one week, two week, one month, six month, and twelve month period.
• Test two -Stocks were ranked in terms of their annual volatility and grouped into quintile portfolios, portfolio 1 containing low volatility stocks and portfolio 5 containing high volatility stocks. The portfolios were value-weighted based on an investment of $1000 in each stock. Again the validity of the model was tested by comparing simulated and actual stock prices over a one week, two week, one month, six month and twelve month period.
• Test three -Stocks were ordered according to their expected returns and grouped into quintile portfolios. As in test 2, the portfolios were value-weighted to prevent the risk of higher-priced stocks skewing the data. The simulated and actual prices were compared based on holding periods of one week, two weeks, one month, six months, and twelve months.
• Test four -All 50 stocks were broken down into their respective industry sector to form portfolios containing stocks from the same industry. For this test only industries with three or more stocks were considered to prevent any bias from individual companies. Portfolios were based on an investment of $1000 in each stock, resulting in different sized portfolios; however this does not affect any of the metrics used to compare the simulated and actual results. The same time horizons were considered for this test as the other three.
d. Comparing actual and simulated prices
We have used three methods to compare simulated and actual prices. First, the correlation coefficient (r) is considered to measure the linear correlation between simulated and actual prices. The correlation coefficient produces a value between negative one and positive one, where negative one is perfect negative correlation, zero is no correlation, and positive one is perfect positive correlation. The following formula was used where x and y are different variables (simulated vs actual prices) and n is the number of observations:
Second, we calculate the mean absolute percentage error (MAPE) between the actual and simulated values. This is the same method used by Abidin and Jaffar (2014) , who also offer a range scale to assess the MAPE value against. MAPE values of less than 10 percent are considered highly accurate forecasts, 11 percent to 20 percent represents good forecasts, 21 percent to 50 percent being reasonable forecasts, and greater than 51 percent deemed to be an inaccurate forecast. We follow the same scale when analysing our results in the next section. MAPE was calculated using the following formula where A t is the actual price, F t is the forecasted price and n is the number of forecasts:
Third, we look at the percentage of correct directional predictions in the simulated prices benchmarked against the actual prices. Table 1 reports the descriptive statistics for each stock including the industry sector which it belongs to, current market capitalisation at the time of writing, initial stock price, expected annual return, and expected annual volatility. A total of 50 stocks were analysed from twelve different industry sectors as defined on the ASX website. The largest sector by number of stocks was financials, with ten stocks, representing 20 percent of the total sample. In contrast, the sectors with the least stocks were consumer discretionary, information technology and telecommunications services, each with one stock.
Results
Descriptive statistics
The largest individual company by market capitalization is the Commonwealth Bank of Australia (CBA-AU) with over $132 billion in total capital. This is significantly higher than the mean and median market capitalization at $24 billion and $10.7 billion, respectively. This suggests that the distribution of stocks in terms of market capitalization is skewed towards the smaller stocks, with a couple of very large stocks that increase the value of the mean. Data on the initial stock price at 1 January 2014 tells a similar story, with a range of $76.74 between the highest-priced stock, the Commonwealth Bank of Australia (CBA-AU), and the lowestpriced stock, Qantas Airways Limited (QAN-AU). The distribution of initial stock prices among firms has a mean of $18.75 and a standard deviation of $19.00, also indicating a skewed distribution.
The average expected annual return over the 50 stocks was 4.89 percent, which appears to be quite low. This is possibly the result of a generally low beta across all stocks, having an impact on the calculation of expected returns using CAPM. The average beta was 0.835, which casts some doubt on the calculation of beta given that the sample is comprised of the constituent stocks of the market index. On the other hand, as already discussed, the stocks in the sample appear to be concentrated in a small number of industries and may not truly reflect the market portfolio.
The results obtained for the volatility of the stocks were interesting as they appear to be very low overall. Sengupta (2004) suggest that stocks normally have volatilities in the range of 20 percent to 60 percent; however our sample produced a median volatility of 22.4 percent, and the highest volatility observed was only 48.3 percent. A possible explanation of this result is that the sample consists of only large, well-established companies that are generally at a later stage in their growth cycle than smaller, younger firms. Further, there may be country effects to the level of volatility, in particular, when Sengupta (2004) published his work there may have been more economic turbulence in the US than there is in today's Australian market. Another interesting finding is that the firm with the lowest volatility, Telstra Corporation Limited (TLS-AU) of 14.6 percent, was only marginally less than the median level of 22.4 percent, suggesting a clustering of firms between these values. 
Test one -individual stocks
This test attempts to prove whether or not there is a significant difference between actual stock prices and those simulated using the GBM model by looking at the stocks on an individual basis. As a starting point, we look at the simulation results of four stocks that are evenly distributed in the sample in terms of their market capitalization. The four stocks we focus on are the Commonwealth Bank of Australia (CBA-AU), Origin Energy Limited (ORG-AU), Santos Limited (STO-AU) and Worley Parsons Limited (WOR-AU). Table 2 shows the results for the first month of simulation, January 2014. From Table 2 we can see that the results after the first week of predictions (five working days) do not differ significantly from the actual prices of ORG-AU or STO-AU, but there are some differences for CBA-AU and in particular WOR-AU, which closed on 8 January with a $1.19 difference between the forecasted price.
Comparing the simulated and actual prices at the end of the month yields different results. Clearly the simulated price for ORG-AU was a close estimate to the actual closing price on 31 January, with a difference of only 6 cents. Also the simulated price for CBA-AU was not far off considering the value of the stock is almost five times greater than the other three. WOR-AU showed a 91 cent discrepancy, while STO-AU was much less accurate, with a MAPE of just below 13 percent. CBA-AU illustrates this point well, as the actual stock price can be observed fluctuating between $72 and $86 over the simulation period. The simulated prices can be seen exerting a similar level of variability between $72 and $84. Looking at the STO-AU chart shows a significant deviation from the actual prices, particularly after the month of April where the difference between simulated and actual prices reaches almost 40%. Despite this, the closing price on 31 December was very close to the simulated value. The chart for ORG-AU shows a very different trend, almost mirroring the actual prices, resulting in a moderately strong negative correlation over a twelve month period. WOR-AU displays a very similar long-term trend to the actual prices and only deviates from this trend in the last two months.
Based on these four stocks, it is difficult to infer whether or not there is a significant difference between simulated and actual stock prices. In order to make any conclusive observations, the whole sample of stocks must be considered. Table 3 provides a summary of the results for test one using each of the methods to compare simulated and actual stock prices. Panel A looks at the correlation coefficient (r) between the two variables over the varying time horizons. The mean correlation over the short-term is slightly negative and grows positive as the simulation period is increased. This means that for one week and two week predictions simulated prices move in the opposite direction to that of the real prices. For periods of 1 month or longer they correct and begin to follow the prices more accurately. This could be a result of the certain component of the GBM model compensating for negative random fluctuations, as stock prices tend to increase over time. Looking at the median correlation leads to similar results as this is also negative for short periods and becomes positive after one month. The absolute mean and standard deviation are lowest for one month predictions suggesting that there is less variability over this prediction horizon. Table 3 Panel B presents the results for the MAPE of the forecasts against actual prices over the differing simulation periods. There is an obvious pattern emerging where longer periods result in a higher MAPE, evident from both the mean and median MAPE across all stocks. Based on the results it appears that the GBM model is most effective at forecasting stock prices over a one week, two week and one month period. However, based on the MAPE scale of judgement of forecasting accuracy proposed by Abidin and Jaffar (2014) , the average MAPEs calculated in this paper would tend to suggest that model is highly accurate in forecasting actual stock prices. All of the median MAPEs fall below the 10 percent threshold and qualify as highly accurate forecasts, and based on mean MAPE, periods up to six months are highly accurate and a 12 month period is still a good forecast.
The percentage of correct directional predictions over the entire sample of stocks are shown in Table 3 Panel C. This measure counts the number of daily stock price predictions moving in the same direction as the actual prices over the period 1 January 2014 to 31 December 2014. The overall result is disconcerting, as the mean percentage of correct stock price movements for the simulation was only marignally greater than 50 percent. This would imply that on any given day, flipping a coin would be almost as effective a price prediction model. Although it seems that for shorter time periods the model may still be accurate, predicting a median of 60 percent correct directional movements over one week. From an analysis of the accuracy of individual stock price forecasts, this test has provided mixed results. On one hand the correlation coefficient implies a negative relationship between simulated stock prices and actual prices in the short run. In contrast, the MAPE and directional prediction accuracy method provide support that over short periods the GBM model is accurate. The MAPE findings are of greater value, however, because the other methods look at the daily change in stock prices, which does not adequately test the GBM assumption.
Test two -volatility portfolios
The second test looks at portfolios formed on the basis of the stock's annual volatility to investigate the hypothesis that there is no significant relationship between stock volatility and the difference between actual and simulated stock prices. Figure 2 below shows the simulated prices for each portfolio based on a $1000 investment in each stock. Portfolio 1 represents stocks with a low volatility and portfolio 5 contains stocks with the highest annual volatility. The volatility of a stock affects the uncertain component of the GBM model, and when volatility increases it effectively magnifies any variation caused by random volatility. The chart below shows that as volatility increases the forecasted stock prices tend to stray further from their mean value. For instance, portfolio 1 shows a relatively small amount of fluctuation, staying within the range of $9,700 to $10,400. Portfolio 5 on the other hand displays much greater fluctuation, ranging between $9,300 and $11,200. I now turn my attention to the impact of this increased volatility on simulated prices compared to actual prices. Table 4 shows the results of each method used to compare simulated and actual stock prices for each portfolio. Based on the correlation coefficients shown in panel A there are no clear patterns shown between the different portfolios. The average correlation between simulated prices and actual prices appears to be higher for portfolios 2 and 3, and negative for portfolios 1 and 5. This could suggest that there is an optimal amount of volatility in a stock for the GBM assumption to apply, which makes sense because the model relies on both certain and uncertain components when making forecasts. In the absence of one of these components they model has no applicability. Another observation that can be made is that the correlation between simulated and true share prices seems independent of the time period being used, as each differs for the different portfolios.
When the stocks are grouped into portfolios it seems that the absolute percentage errors decline overall, particularly for short simulation periods. As more stocks are added to a portfolio this diversifies the risk and consequently the percentage of errors in the forecasts decrease. This effect was also observed by Sengupta (2004) who found that by holding stocks for longer periods and diversifying investments, investors were able to reduce their risk. Portfolio 1 seems to have a lower MAPE in longer forecasting periods than the other stocks and portfolio 5 with much greater volatility seems to have a higher MAPE. This provides support for the theory that by holding stocks for longer you reduce your risk.
Panel C reports the accuracy of the model in predicting the direction of movement in stock prices. Grouping stocks into portfolios based on volatility leads to some interesting results, as it appears that portfolio 3 outperformed the other portfolios in both the short-term and long-term. In three of the five simulation timeframes, portfolio 3 had the highest rate of predicting the direction of stock price movements consistent with the market. This result is important because the stocks that make up this portfolio have a moderate level of volatility, reaffirming the results found using the correlation method. Based on the sample of firms used for this paper, stocks with a moderate level of volatility tend to provide more accurate forecasts using the GBM model than firms with high volatility or low volatility. 
Test three -expected return portfolios
This test uses a similar approach to the previous test whereby stocks are aggregated into portfolios based on their expected annual returns. The aim of this test is to examine the third hypothesis that there is no significant relationship between expected stock returns and the difference between actual and simulated stock prices. One would intuitively assume that stocks with a higher expected return would perform better than those with lower expected returns. However, as shown in figure 3 below, this may not always be the case. Although portfolio 5 and portfolio 3 perform well, their performance is matched by portfolio 2 containing firms with moderate-tolow expected returns. Forecasts for portfolio 4 show that over the simulation period these stocks performed poorly, despite having moderate-to-high expected returns. The figure also shows that all five portfolios exhibit roughly the same amount of volatility; this is because only the certain component of the GBM model is being affected by grouping stocks on their respective return expectations. Table 5 summarises the results obtained under each of the measures of the accuracy of the GBM model for simulating stock prices. From the correlation coefficients given in Panel A, the same conclusions can be made as in test 1. Specifically, across all the portfolios the strength of relationship between forecasted stock prices and actual stock prices for portfolio 2 and 5 grows when longer time periods are considered. Overall, there are no discernible trends in the data suggesting that expected returns have an influence on the relationship between simulated prices and actual prices. Table 5 Panel B shows the MAPE calculated for a holding of each portfolio over the differing time periods. The findings related to the absolute percentage error under this test are very similar to those of test 1 and 2. Again, there seems to be a strong relationship between time periods for prediction and the MAPE value, where longer periods such as six months and twelve months tend to increase MAPE. Also the diversification of individual stocks into portfolios leads to a reduction in the amount of risk bared by an investor, and consequently this has flow-on effects reducing the amount of prediction errors.
In terms of the accuracy of GBM in predicting directional share price movements, grouping firms by their respective return expectations tends to improve the model's forecasting power over a longer period. In earlier tests it was found that based on the accuracy of direction predictions the GBM assumption was only relevant in short time periods of two weeks or less. By forming portfolios based on expected returns this brought the average direction prediction accuracy percentage to 60% over a one month simulation period. 
Test four -industry portfolios
For this final test, the individual stocks from the sample were aggregated into portfolios based on their industry sector. This test examines whether there are any industry effects when comparing stock prices simulated using GBM with actual prices. Figure 4 provides a chart for each industry sector to allow visual comparison between simulated stock prices and actual stock prices. All simulations were conducted over the period 1 January 2014 to 31 December 2014, based on an investment of $1000 in each company from their respective industry, resulting in different sized portfolios.
The charts show that in the short-term simulated stock prices tracked closely to actual prices, however after around 3 to 4 months they start to deviate significantly. The Healthcare portfolio demonstrates this phenomenon very well as the prices don't diverge until around June, where they steadily grow further apart until the end of the simulation period. As a general rule, the process of geometric Brownian motion observed in these charts tends to follow a slight upward trend which prices of stocks don't tend to deviate significantly from this path. This can make forecasts difficult in an industry with cyclical patterns, seasonality, or during periods of economic downturn. These effects would account for many of the deviations seen in the charts in Figure 4 . Based on the trends shown in actual prices, GBM would be most suited in forecasting prices in industries with predictable and stable growth, such as industrials, healthcare and real estate sectors. Table 6 shows the measures used to compare simulated and actual prices, and summarises the results for each industry portfolio. From Panel A we can deduce that the financials portfolio displayed the most correlation between simulated prices and actual prices over each of the time horizons considered. It is also evident that simulated stock prices are largely negatively correlated with real stock prices over short forecast horizons, but over longer horizons they become more positively related, though the relationship is not strong. 
Conclusions
This study explores the geometric Brownian motion model for simulating stock price paths, and provides three methods to test the validity of the model. The first method calculates the correlation coefficient between simulated stock prices and actual stock prices. Most of the prior studies have suggested that there is a weak relationship between the two variables. We have reported a negative correlation during short periods of simulation, which becomes positive with longer forecast horizons. Noise or volatility in the market makes simulated stock price and actual stock price to have a negative correlation in the short term, whereas stock prices stabilise to its mean value in the longer run causing a positive correlation between simulated and actual stock prices. However, the correlation coefficient still represents only a weak relationship at best.
The second method used is the mean absolute percentage error (MAPE) technique. Using this technique yields different results to the first method as the MAPE values are relatively low over all time periods. It was found that MAPE was lowest over simulation periods of one week, two weeks, and one month, but the error tended to increase when longer horizons were considered.
The third and final method used a simple process for checking whether simulated daily stock prices exhibited the same directional movement as actual stock prices. The findings were slightly encouraging as results show that over all time horizons the chances of a stock price simulated using GBM moving in the same direction as real stock prices did was just a little greater than 50 percent. However, it was later found that when portfolios were formed that these odds went up slightly.
However, this is the first study and the literature relating to the testing of the GBM assumptions are very limited. Therefore, there were some limitations which also provide potential areas for future research. For example, this study used sample from large listed companies from a single country. Therefore, including other countries may yield different results, and a larger sample would improve the validity of the conclusions. Future research involving different periods with different start dates could be considered. Other modifications could also be used to further the reliability of the model, such as a model incorporating jumps. Also, it would be interesting to compare the accuracy of the RIM and GBM model in predicting stock prices. 
Appendices
